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Abstract: A mathematical model of checkpoint inhibitor targeted therapy for human melanoma is inves-
tigated. The model consists of twelve coupled reaction-diffusion equations, which includes free bound-
ary conditions and discontinuous terms. By transforming the free boundary problem into the fixed
boundary problem, using the L’ theory of the parabolic equation and the Schauder fixed point theorem,
and combining with the method of function approximation, the existence of the global weak solution of
the mathematical model is obtained.
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Human melanoma originates from melanocytes, and it is a malignant tumor of the skin. B-raf gene is one of
the most common mutations in metastatic melanoma. Combining with the influence of drug resistance, Ascierto
et al. obtained data from clinical trials, which showed that BRAF-targeted therapy by BRAF-inhibitor would first
show obvious positive reaction, but usually relapses and becomes negative after half a year (Ascierto et al. ,2012;
Menzies et al. ,2013;Sanchez-Laorden et al. ,2014). Considering the factors of cell cycle parameters and age struc-
ture, Gaftney (2004) proposed a PDE model of the circulatory dynamics system, which mainly analyzed the ef-
fect of chemotherapy when drugs were used alternately. Steinberg et al. (2017) adjusted the chemotherapy regi-
men and medication strategy, and proposed different combination schemes for BRAFi, anti-CCL2 and checkpoint
inhibitors. The purpose is to explore how to reduce drug resistance by combining drugs. Friedman et al. (2020)
established a mathematical model corresponding to the experimental setup based on the existing experimental
data (Steinberg et al. ,2017) .

The model comprises four cell equations, four chemokine equations and four drug equations(Friedman et al. ,
2020). Their concentrations are respectively denoted by C = C(r,t),M = M(r,t), etc., where r is a radial space
variable satisfies 0 < r < R(z), and the tumor radius R(t) satisfies a differential equation. Besides, ¢t = 0 is a time
variable. We assume that the density of apoptotic or necrotic cell debris is constant. Then we consider the follow-

ing free boundary problem:
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oM P 1

JEE—— (1 - 2 = - — . —

Fra (uM) - 8,v*M )‘Zk5+P 0 +A2/k9H(M0 M) =V - (xMVP) - u,M, (2)
oD . —— C 1

otV (uD) -8, v'D = MDY NI, Ry(1) = D, (3)
Y A ! )

o TV ) VT = N e T e b T ppE, T (4)
op 1p _

ot O;V'P = /\sc(l iR/?(Z)k]o n B) s P, (5)
%_aﬁvzll =AC + A M = poly, (6)
O s ooy - _B |

o 6,V 12—)\7D(1 +01k10+3) s, (7)
%—SSVZNZ)\gM—MSN, (8)
oB p B

o —8,V’B = (1) M6 C k,+B Mo B, (9)
0A

TL‘I - 5loval = (DA,(t) — P A - A, (10)
0A

atz -6,V’A, = ®A3(t) - MA, =y Ay, (11)
0A

TL‘4 -6,V’A, = (D44(t) — i PrAy — Ay, (12)
R(1)=u(R(1),1), t>0, (13)

where C is the density of cancer cells, M is the density of macrophages (MDSCs), D is the density of dendritic
cells (DC), Ty is the density of cells (CD8'T), P is the density of catalytic factors (CCL2), I, is the density of inter-
leukin-10, 7, is the density of interleukin-12, N is the density of nitric oxide (NO), B is the density of anti-BRAF,
A, is the density of anti-PD-1, A, is the density of anti-PD-2, A, is the density of anti-PD-4. Moreover the coeffi-
cients are non-negative constants, R, (¢) and R, (z)are nonnegative decreasing bounded continuous functions
(p- 14 (Friedman et al.,2020)). We can assume that some other variables express the following four dynamic
equations in this paper, i. e., P, = p, Ty, P, = p,Ts, P, =p(Ts +M + £.C), B, = p,D, so that P, P, are propor-
tional to T (p. 4 (Cui,2005)), P, is expressed on activated T, M and C, B, is proportional to D. Therefore, we do
not need to deal with these four variables directly in this paper.

According to Friedman et al. (2020), the boundary conditions of the model is no flow boundary as follows :

ﬂ_ﬂ_aD_aP_éll_812_8]\/_83_6/1]_8/12_8/14_0 L2 0 (14)
ar or or ar 9r or ar or or or or o

aC oM _ oD 0P oI, dl, ON _ 0B _9A, 0A, 0A, _ _

or or or 9r 9r dr dr or or  or  or =0, r=R(). (15)

We assumed that inactive T cells have a constant density f"g at the free boundary of the tumor, they are activated
by /I, when they enter the tumor environment (Friedman et al. ,2020). Then we have the following boundary flux
conditions
ATy
ar

aTy I, N _ _
o +(T°k+12 (Ty,-Ty) =0, r=R(t).

Let U, indicate the initial condition of these variables, a. ¢. ,
UO = (CO’ MO’ DO’ TSO’ PO’ IIO’ ]20’ NO’ BO’ AIO’A2O’ A40 )7 ( 17)
it is clear that U, is a nonnegative array (p. 11 (Friedman et al. ,2020)). In addition, we denote R, = R(0).

=0, r=0;
(16)

In this paper, H is an approximated Heaviside function (Friedman et al. ,2020)
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M,-M)*
,5 g ) 6 M() > Mv
H(M, - M) =110 +(M, - M)
0, M, < M.

Obviously, it can be checked easily that H(M — M) is Lipschitz continuous. We assume a logistic growth for C
with carrying capacity C,,, such that 0 < C < C,, and A, represents the radial Laplacian, i. e. ,
seral2(s?)
r* or ar
We assume the total density of cells in the tumor remains constant in space and time (Friedman et al. ,2020):
C+M+D+T,=1, (18)
and we assume that all cells have approximately the same diffusion coefficients. Adding Egs. (1)—(4) and
using Eq. (18), we get
V-u

h’(C9B’TS’P9A29M’D9N911912)’ 0<r<R(t)’t>09 (19)
where
h(CvBa T87P7A27M7D7N9[1712)
Cc 1 P 1
- )‘lc(l _q,)1+3/k3 PP T Ak
I, ) 1 ) 1 ) 1
k,+1, 1+1/ky, 1+P Pk, 1+ P,B,/kg
~ [ a5 TsC + V- (XMVP) | = (i€ + M + 13D + Ty,

C L

H (Mo = M)+ A Do T, ™

+ )\4T80 .

and u(0,¢) = 0. According to Friedman et al. (2020), there are some discontinuous items in this model, which in-

dicate the source of the drug:

, t < 120, , 60 <t < 120,
®, (1) =" ) ®, ()=1" |
0, otherwise, 0, otherwise,
s 60 <t < 120, s 60 <t < 120,
o, (=" . ®, (1= " |
0, otherwise, 0, otherwise,

where y,,v, .y, and vy, are positive constants, indicating the level of drug efficacy. Obviously ®,, ®,,®, and
®, are bounded. It is not easy to deal with these discontinuous terms directly. Therefore, this paper draws les-
sons from the treatment method of parabolic equations with discontinuous terms in references (Cui, 2005; Wei,
2006;Wei et al. ,2010;Xu et al. ,2014), and intends to make a rigorous mathematical analysis of the model.

According to the biological principles, we have the following assumption:

(A) Uy,=(Cy,My, Dy, Tg,, Py, 11y, 120, Ny, By, Ay, Ay, Ay ) € D, (0,1), the definition of D, (0,1) is given in the fol-
lowing preliminary lemma. Besides, U, = 0.

Under the assumption (A ), we obtain our main result as follows:

Theorem 1 The problem (1)—(17) has global weak solutions.

The structure of this paper is following. In section 1, we will present some preliminary lemmas which will
be used in the following proofs. In section 2, we will transform the free boundary problem (1)-(17) into an
equivalent problem on a fixed domain, which have some discontinuous terms in the model. We will focus on
proving the existence of a fixed boundary problem after smoothing. And we prove that the initial-boundary value

problem has global weak solutions in the last section.

1 Preliminary lemmas

In this section, we will present some preliminary lemmas. We first introduce some notations:

(i) Q,={(rt):0<r<1,0<¢<T},T>0. Q,is the closure of Q,.
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ot

(ii) W],Z‘I(QT) = {u € L”(QT): u,, Vu, V’u € L’)}, and stipulate || u ||w%, = 2 |

|m|+2k<2

(iii) For a number p > 5/2, we denote by DP(O,I), the trace space of Wﬁ"((\),) atr=0,1.¢e.,¢ € DH(O,I), if

o’

and only if there exists a function u € W”(QT) such that u( - ,0) = ¢. The norm in D,(0,1) is defined as follows:

P

1
”90 "u,,(o,l) ={T"|u wri(o) W E W:?'I(Q'r)’ u(x,0)=e(x),

since for p > 5/2, W,f‘](QT) is continuously embedded in C((,), the above definition makes sense. Besides, it is

clear that if ¢ € W>”(0,1), then ¢ € D,(0,1)and | ¢ ||D(O’]) <|e ||Wl/,(0(l).

Lemma 1 (Ladyzenskaja et al. ,1968) Suppose D is a positive constant, and let a(z, 7 ), b(z 7) be bounded
continuous functions defined on Q,. Letf(z 7)€ I’(Q,),q(7) € C'[0,T]and ¢, € D,(0,1) for some 1 < p < +,

let Bu = agl + B(z,7)u, where either (i)a =0, B(z,7) =1, or (ii) @ = 1, B(z,7) > 0. Then the initial-bound-
n

ary value problem

dc 9*c dc

P e -+ + <z< <7<

Pl e a(z,r)az b(z,7)e+f(z7), 0<z<1,0<7<T,

Be =gq, z=0,1,0<7<T,
C(Z’O) = ¢(2), 0<z<1,

has a unique solution ¢(z,7) € W*'(Q,). Moreover,

” ¢ "W,,Z"((),) < CP(T)(" Co "Dw(o'l) + u q Hu"-v(o,r) + || f u]r)

Here C,(T') are constants depending only on p, 7. | a || _,| 4|, and C,(T') are bounded for T in a bounded set.

2 Existence of approximate solutions

In order to solve the free boundary problem (1)—(17), we firstly transform it into an initial-boundary value
problem in the fixed domain (z,7),0 <z < 1,0 < 7z < T. Therefore, we introduce a transformation of variables
(Cva D7 T89P7 119125 Na BaAlaAZvAzt) - (C”M/’D/’Ts”P/’ 11,7 IzlaN’aB,vAl,vAZ,aAzt,)!

r "ods
=, 7= , =R(1), ,7)=R(1 1), = R,.
4 R(l) T ORZ(S) T’(T) ( ) w(z T) ( )u(r ) o 0 (20)

Then the new initial boundary value problem is as follows:

ac’ ac 19,007 _ O N S N P

ar TlaT) 0 Bz(z 9z )"7’[’\‘(1 Cw) [+ Bk, Mol —m h}c’

aC'(0,7) _aC'(1,7) _ 0 (21)
0z - 0z o

C'(z,0)=C,,

oM’ (2,7) + oP" oM’ 13( zaM’)
T bt X Jz | 0z 222 0z 0z

a  ,0P
X ——(z
n° z* 0z 0z

ks + P 1+ ALk, (22)

oM'(0,7) _ aM'(1,7)
0z - 0z
M'(z,0)=M,,

AP H(M, - M) 11 A
= z[ 2 0 _( —= )+,u2+h)M],

=0,
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aD’ aD’ 1L af,dD)_ , (o 1 B C iy
o rulen) g Bz(z 0z )‘ K [)‘3D°kl e O T N, ) D hD}’
0D'(0,7) _ oD'(1,7) _ (23)
0z B 0z e
D'(z0)=D,,
or; AT 1 (Lo
T +o(z7) dz ‘2 Gz( 0z
I 1 1 1
=} A,T 2. . . -u, Ty = h'Ty|,
"( Uk T+ Ik, 1+ PPk, 1+ PiBilky P 8) (24)
aT{(0,7) aT{(1,7) 1, S
= T, - T =0,
0z 0z O-Ok—IZ'( s )
Ti(z,0) = Ty,
P’ P’ 19 P’ B’
_ l o 7 277 - 2 ! ] _ I R Pl
or w(l,7)z 0z 55z2 az(z az) 77|:)\SC( RP(T)km"'B,) Ms ]»
0P'(0.7) _ 9P'(1.7) _ (25)
0z - 0z e
P'(z,0) =P,
al/ al/ 19 al| , , ,
82’1 - w(l’T)z azl - 62232(zz(‘)zl) =0*(AC" + A M = i),
oI/ (0,7) _al/(l,7) _ 0 (26)
0z B 0z -
1/(z,0) =1,
al, al, 19 2612') 5 B’
-wl(l, -6, —|z—|= A,D'1 — | =, L,
ar ~@ll7)a gt =0, az(z P A R e Rt
a1(0,z) _ ali(1,7) _ 0 (27)
0z B Jz e
1(z,0) = 1,,
aN’ N’ 1o ,0N")_ L ,
P w(l,7)z % ngz az(z % )— n ()\8M N ),
ON'(0,z) oN'(l,7) _ 0 (28)
0z - 0z -
N'(z,0) = Ny,
B’ B’ 1o B’ B’
-w(l, — =8 — || =7 D - "—— - u,B’'|,
ar w( T)Z 9z v 2 (‘)z(z (')z) 77': B(T) uC k,+ B Mg ]
0B'(0,7) _ 0B'(1,7) _ (29)
oz 9z
B'(z,0) = B,,
dA| 0A ] 19 dA| o ,
(?Tl - w(l’T)szl - ]Ozzé)z(zzazl) = 772[@‘4,(‘[) - pPiA _/'LIOAI]’
0A7(0,7) _ 0A(1,7) _ 0 (30)
9z 9z

A; (zv O) = Alo’
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0A’, oA, 1 0 0A’, o ,
61’2 - w(l,r)z 822 - ”zzé)z( ? azz) = 772[@‘42(7) - M'A, _M11A2j|9
0A1(0,7) _ 0AL(L,7) _ o (31)
oz 9z
A;(Z’ O) = Ay,
0A, A, 10 0A, o ,
67'4 - w(lvT)z 824 - lzzzaz( 2(");) = 772[(13,14(7) - PrAL _/-L12A4]’
0A4L(0,7) _ Ay, 7) _ o (32)
0z - 0z o
A;(Z’O) = Ay,
dzi5_7)=n(r)w(l,r), 0<7<T, (33)
n(0) = R,, (34)
%%(zzw) =n*h(C’, M', D', Ty, P, I,', I,', N', B', A,"), (35)
z
v(z,T)=w(z,T)—za)(1,T). (36)

We summarize the above result in the following lemma.

Lemma 2 Under the variable substitution of (20), the problem (21)-(36) is equivalent to the problem
(H-(17).

Considering the discontinuous terms in problem (29)—(32), we can use smooth functions to approximate the

discontinuous terms. In this case, these smooth functions (®,),,(®, ),,(®, ), and (P, ), are the approximations

of discontinuous terms ®,, ®, , ®, and @, , respectively in C(0,7'). The selection functions are as follows

0, 7e€[0,60]U (120, + =),
0. 7 €[0.120], Yz -60),  7e(60,60+ 2],
(®,),(r) = %(r— 120), 7 (120,120 + &), (®,),(7) = ‘. (60 + 5,120 - g,
Vs TE[120+8, + ®), Y.
—?’(r - 120), 7z €[120 - &, 120],
0, re[0,60]U (120, + ), 0, ze[0,60]U (120, + ),
%(r—60), r (60, 60 + &], %(r—f)o), 7 € (60, 60 + ¢],
(@,,),(z) = i re(60 + 2,120 - &), (@) () = Vi 7 e(60+¢,120 - &),
-%(T -120), 7 €[120 - &, 120], —%(T - 120), 7z e[120 - &, 120].

Clearly, (®),.(®, )..(P,)..(P,).
1) 1, N',B', A}, A}, A}) can be approximated by U =(Cl, M., D;,(T{),, P.(1])..(1}),,N], B., (A])., (43).,
(A5).).

Lemma 3 For any 7 > 0, the problem (21)—(34) has solutions (U, (z,47), (7)) under the approximation. For
convenience, we denote U =(C.,M.,D. (Ty),, P.(I}),.(I,),,N.,B.(A}),,(A}),,(A}),), where U, (z7)e
W '(Q.), n(z)e C[O,T].

Proof For a given T' > 0 and a positive constant G to be specified later, G is independent of the values of z

are Lipschitz continuous in (),. Therefore, variables (C',M',D',T{, P,

and 7. We introduce a metric space (X, d) as follows: the set X, consists of a vector function (U(z,7),1(7)),(0 <

z< 1,0 < 7 < T) satisfying the following condition:
. 1
(i) T](T)EC[O,T], n(0) = R,, 5R0<7I(T)<2Ro-

(ii) U(z,7) e C(OT), 0 < HU(z,T)Hoc < 6.
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The metric d is defined d((U,,n,),(U,m,)) = ||U] - U, ||co + ”17] -, ||w,(0 <z<1,0< 7 <7T), itis obvious
that (X,,d) is a complete metric space. Noting that by (35), we get

2 z
w(z7)= Lf)f h(C, M, D, Ty, P, I,, I, N, B, A,) - s*ds, (37)
V4 0
and
\h(C. M, D, Ty, P, I, I, N, B, A,)| < C,(T). (38)

Here C,(T') is a positive constant depending on 7, p, A, A,, A5, D, T, and C,,.
In the following, for (C, M,D, T, P,I,I, N, B,AI,AZ,A4) e X,, we define a mapping F:(U(z7).n(z)) ~
(lj(z,r),ﬁ(r)). Given (U(z7).m(7)) € X,, we define (ﬁ(z,r),ﬁ(r)) to be the solutions of the following prob-

lems:
aC aC 19 ,0C , C 1 <
LA A e - —|——— =Ty, -
or v(z7) 0z 81z2 E)z(z az) 7]{/\1( C"},)I+B/k3 posTs = = 111G,
9C(0,7) _aC(l,7) _ 0 (39)
0z - 0z -
C(Z’O)_Coa
M T me) e g 2P| 2M 5 Lo [ M
ar PV T e T 2 02\ % s
NP H(M,-M) Xla(ap) .
_ 2 2 0 |l A - T 2
_n{k5+P 1+ Ak, (nuzazzaz Fra R M, (40)
aM (0, 7) B aM(1,7) B
0z - 0z -
M(z,0)=M,,
b D _s 1o (D) fADC 1 Y,
ar tU(2T) G -0 62(Z az)_ {k1+C 1+N/kzﬂ%“(t) poD = hD |,
aD(0, 7) _ aD(1,7) ~ 0o (41)
0z - 0z -
D(z,0) = D,,
T 4 o(zr) e - 16((”)
like 0z z* 0z 0z
AT 1 1 1 . .
— 2 Lafsfo . . - u,T. - hT.|,
(k7+12 L+ [k, 1+ PPk, 1+ Pk Ml h 8) (42)
aT,(0,7) _ aT,(1,7) I~ A ~
P e A Y :1_0’
fg(z,()) Tso’
P L W P8 D _ B _\_ 5
o7 w(l,r)z(9 8522 8z(z P —7][/\5(](1 fRP(T)klO+B) ,U«SP},
aP(0,7) _ aP(1,7) 0 (43)
dz - 0z -
P(z,0) = P,,
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ol al, 1 o ,ol -
G Telhe)ag - zzaz(*az')=n2uﬁc+AmM—M6m,
ol (0,7) B ol,(1,7) ~0o (44)
0z - 0z -
fl(z,0)=]10,
o, _ O s 19 0h)_ . B _\_ i
ar ~@(L7)a7 5 =0 az(z oz | = AP\ H O g | s
al,(0,7) _ al,(1,7) _ 0 (45)
0z - 0z -
]2(2,0)2120,
N ON 1 o[ ,0N -
e Tl 8zzaz(zzaz)=nz[AsM—MsN],
AN(0,7) B aN(1,7) ~0 (46)
0z B 0z o
N(z,0) = N,
9B _ B s 19 ,0B)_ _ B _
ar w(l,7)z 0z 9 2 az(z 82)— n [(®R)E(T) 6 C ko + B /~L9B:|’
aB(0,7) _aB(1,7) _ 0 (47)
0z B 0z o
B(z,0) = B,,
0A oA 1 o ,0A - -
872'1_ w(l’T)Z azl - 10z28z(128z1): nz[((I)A.)s(T)_l-LlsplAl _Iu’](JA]:I’
04,(0,7) B 04, (1,7) —0 (48)
0z B 0z o
Al(z’o)_Alm
oA oA 1 o ,04 . -
62‘2 - a)(],T)z 822 - 11z2<9z'(zz5)z2) = ﬂz[(q)Az)g(T) -y, MA, _M11A2:|v
94,(0,7) _ 0A,(1,7) _ 0 (49)
oz 9z
Az(zv O) = Azov
oA 0A 1 o ,04 - .
37‘4 - a)(l,T)szA - 512232( 2(9;) = 772[(@,14)8(7) - kuPrA, _/*LJZAA:I’
04,(0,7) B 0A,(1,7) “o (50)
0z - 0z -
A‘A&(z’ O) = A407
dZ(TT) =i(c)w(l,z), 0<z<T, (51)
7(0) = R, (52)
19 C e
?E(zzw) =n*h(C. B, Ty, P,A,,M.D, N, 1. 1,). (53)

In the sequel, we will prove that (39)—(52) have global solutions by using Schauder fixed point theorem.
Step 1 First, we need to prove that F' is a mapping from X, to X,. If(U,n) e X,, it is clear that (51)—(52)

has a unique solution 7 € €[ 0,7 ], and
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ﬁ(T):ROeXp(f u'(l,s)ds). (54)
0
Noting that (37), applying (i) and (38), we get

\w(1,7)|<%cy(T)Rf,. (55)

Combining problem (54), we obtain

Roexp(— gCP(T)RﬁT) <7.(7)< Roexp(:CP(T)RﬁT), O0<z<T. (56)
Since (39) satisfies the conditions of Lemma 1, we know that it has local solution € e W!,Z"(QT), and
Héuwﬂz-l( T)”C " 01>\ C(Tv Co)- (57)
Similarly, we have
|0, B T BT W B A A A< CATRw), (58)

where ¢ depends on the initial values of variables and related coefficients. In summary, we let 7' > 0 be small

enough, then C(T,) < G. Using the embedding theorem, we have
w2'(Q,) cc € 2(Q,), (o <a<?2- %,p > 5).

Therefore ” U "m <G, i e.

|G, B, T P Ty T N B Ay A A

<G (59)

We can see that U satisfy the condition (ii), such that (Ug,ﬁ) e X,. It proves that F is a mapping from X, to X,.

Step2 Here we will show that F is a closed convex subset of X,. The set £ is defined by

E= {(Uﬁ,n)

and U,, 7 satisfy (39)—(52). Obviously, F is a closed convex subset of X,.

<z<1,0< TST,f/SEC(aT),ngeC[O,T]},

Step 3 In the following, we prove F(E) is a compact mapping,i. e. , F (E) is precompact on X,. Applying
Lemma 1, we have C,M, D, T,,P,1,,1,,N,B,A,,A,,A, e W“(QT), and then according to the Sobolev compact

»
embedding theorem (Cui,2015), we obtain W>'(Q,) CC c“'?(@,),(o <a<2-5/p,p>5). Clearly, F(E)is pre-
compact on X ;.

Step4 Finally, we devote to proving that F' is a continuous mapping. Combining (37) and (38), we deduce
that

[o(z0)~wn(zr)|<C
Considering (54), applying the differential mean value theorem of one variable function, we have
|7, - 9. |<c(r)d

Denote U" = U, - U,, 3" = 1, — 1, then C” satisfies:

ac W g LofLec)_ o SE) e
ar +U1(zv7') 9z 6lzz az(z oz )_771’:)‘11 + B, Ik, MisTs =y = hy |C +g(z,2‘),
aCc*(0,7) _aC (1,7) _ 0 (60)
0z B 0z -
C"(2,0)=0
C.
wheref(Cj) =1- fj(j = 1,2), and 0 sf(Cj) < 1. Obviously,f(Cj)is a bounded continuous function. And

o
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c c
g(z7)= l(ﬂ%Al 1]:-(31215 - A, li(Bzgk - (77?/14157‘81 - n%MISTsz)
1R 215

oC
- (77?/"“1 - 77%;“1) - (n?hl - Uihz) :|Cz - (Ul - Uz) (‘)zz .

1

We see that ’I)](zaT)’nl|:)‘ll+B/k3

-f(Cl) =Ty — ) — hZ} are bounded continuous functions, and

glzr)e L”(QT). According to the maximum norm estimation of solution, we get

[¢]. < (D] ez o],

C C
= CI(T) : l: (77%)‘1 1{(313}: - 7)5)\1 1{(323}: ) - (n?ﬂlsTm - n;ﬂlssz)
11h5 2/fy

aC,
0z

—(mp, = mipy) = (n2h, = m3h,) ] - C—~(v, - v,) -

@

o ) . 1o
[mM1+&meuU fw”L*””lfWJ‘L+Bﬂ@ 1+ Bk,

A (G,
+$(7]1 + 772) : "(7]1 - 772)

< CI(T) :

_Iu’ISTSI : ||771 - ”x

T MaMs " Ty - T ” (n, + 772)”771 P "w
aC
- 77? : ||h1 - h, "m - h, '(771 + 772)”771 - "m :' . "Cz "m + ||(”1 - ”2) B azz }
< C(T)d.
In the same way, we shall also get
|M*| < cy(T)d, C(T)d, ||T ||<C(T CT)d, |I; || C,(T)d, < C,(T)d,
| 2] < c(ryd. [N ||< C,(T)d Cio(T)d. || 45 ||\ Co(T)d C(T)d.

Thus we conclude that d((U,,n,),(U,.m,)) = || U -U, ||w + || TR ||w < C(T)d, . e., F is continuous mapping.

In summary, we can prove that the mapping F has a fixed point on £ by using the Schauder fixed point theo-

rem, and the global solution can be obtained from the arbitrariness of 7. So Lemma 3 is proved.

3 The existence of solutions to original problem

In this section, we will use the function approximation method to prove the original problem has weak solu-
tions.

Lemma4 Foreach 7T > 0, (1)-(17) has weak solutions (U,n) = (Us,ns) on X,.

Proof Applying Lemma 3, we obtain that (21)—(32) exist weak solutions U, under the approximation,
which satisfy U, e W“(QT). Therefore, by Sobolev's compact embedding theorem, we see that

P

P

W 2.1(0"7') cC Ca.a/z(Q"T)’ 0<a<2- %,p >5).

Then for any sequence {(C M,,D, Ty,,P. .1, 1,.N,.B, A, A, A, )}x , it follows that we can find a sub-
k=1

sequence

{(Ck’ Mk’ Dk’ Tg;, P/‘, Ilk’ Iz}m Nln BA»’ Alk’AZk’ A4I‘)}:° ’

=1
and a vector function U = (C,M, D, Ty, P,I,,1,, N, B,A,,A,, A, ) satisfy
U = Ca‘a/Z(er)‘
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Foreach(z,7) e Q,, &, — 0,as k — , if we denote U, = U, then
U,— U, VU, — VU, v, = v, o,(1,r) — o(1,) uniformly for (z,7) € Q,,
(V). = U(12(Q), AU~ AU(L'(Q,)).

Since (@, ),(7) is a bounded function on [0,7 ] We can find a weakly convergent subsequence of it, denoted by

{(CI)A‘ )k(T)} as well as a function y,(7). Taking k& — o, we obtain
(@, )(z) = yi(7), 7€ [0’ T]-

Consider (30) and take ¢ = &,, then (Al)g =(A|)S. We get V(A,)gH VA, (®,), —~ D,, (AI)SHAI,

d(A
A(Al)g — AA,, and (az_l)g - (Z:_] as ¢ — 0. Hence, when k£ — o, we have

0A , 0A 1 0 0A ,

(‘)Tl -u (I’T)ZTZI - mzz(")z( Zazl) = 772[3’,1,(7') - pPA, _/'l’l[)Al]’

d4,(0,7) _ 9A,(1,7) _ 0 (61)

oz 9z

A](z9 0) =A,.

We assert that
we. Vi, TE (60, 120),
yI(T)—

0, otherwise.
a. e.
Indeed, it is clear that for any 8 > 0, y,(z) =0 in the set {z € (0.T)]z € [0,60 - 6]U[120 + &, + =) .

a.

By the arbitrariness of o, we infer that yl(r)iO in the set {T e (0, T)‘T €[0,60) U (120, + oo)}. Similarly,

we can also prove that yl(r)g% in the set {T IS (O,T)‘T € (60,120)}, the assertion holds. Since A, =0 as 7 =

60 (p. 4 (Cui, 2005)), then
0A,
foka

Furthermore, the drug A, is depleted in the process of blocking PD — 1 (p. 9 ( Friedman et al. ,2020)), so once the

=0,A4, = 0,VA, = 0,a.e. ontheset{r  (0,)|r = 60}.

drug injection is stopped, there is A, = 0 instantly. By (61) it follows that
y(@)F=0, {r e (0.7)]z =60 Ur = 120},
Hence
yl(r)%<l)4‘(r), 7e€[0,T].
In the same way, we can also obtain
B(OEE0 (), 1, (D)FE0, (), yi()FE0, (7). T e[0.T].

By the above analysis, Lemma 4 is proved.

In summary, by Lemma 2-4 and the arbitrariness of time 7, we see that Theorem 1 immediately follows.
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